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Al~traet--Optimally growing colonies of sessile organisms like coral reefs, certain forests 
or aquatic plant communities are considered in which the Volterra equations have 
coefficients depending explicitly on the produced biomass. This dependence is modelled as 
a cooperative effect causing, as it turns out, a community experiencing predation by a 
swarming predator (pathogen) species, to eventually bifurcate into a stable limit cycle whose 
period depends on the biomass and has the stategic effect of causing the predator (pathogen) 
population to invade less frequently as time goes on. 
1. INTRODUCTION 
In the present article, a nonlinear, second-order, n-dimensional system of ordinary differential 
equations, F, with variable coefficients, models growth and development of communities of 
sessile organisms like rain forests or coral reefs. This system has a global description in terms 
of a unique Riemannian goemetry intrinsic to the space of growth variables. Namely, the 
solutions constitute geodesics in a goemetry of nonpositive sectional curvature and Euclidean 
topological structure. Furthermore, F is reminiscent of competition of the classical Volterra 
type. However, the coefficients are not constants, in general, but depend explicitly on the 
biomass of the involved species. For the coral reef interpretation, the "biomass" is simply 
the accumulating aragonite calcium carbonate forming the reef skeleton [1, 2, 3]. In the case 
of plant communities, it may be interpreted as the accumulating cellulose in leaves or lignin 
in the secondary xylem [4]. In the instance when the interacting species produce a toxin as 
a natural metabolic product, then "biomass" may be interpreted as the total amount of toxin 
released into the local environment. This is the basis of the theory of allelopathic interactions 
in the companion article [4]. A basic reference is [5]. 
In previous work, passive systems in which the interaction coefficients are constant, by 
definition, were studied (l, 2, 3, 6). In the present paper, active systems of a type called 
perfectly cooperative, are investigated. Such systems may be obtained formally by a small 
perturbation of the metric tensor for the basic passive system. The perturbation function is 
log-linear. The ecological interpretation is that although each species is self-inhibiting and all 
other species benefit from this, there is production of substances which reduce each species 
self-inhibition. 
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One thinks of the production of a chemical to reduce predation, perhaps as an adaptive 
response in the context of group selection [5]. Competitive exclusion holds, as well, for these 
perfectly cooperative systems. 
Utilizing the passive predator-prey system [6] a perfectly cooperative perturbation is 
introduced and the role of the biomasses on the approach and maintenance of the stable 
bifuracted state is investigated. Under mild conditions, it is proved that there always occurs 
a Hopf bifurcation to an orbitally asymptotically stable limit cycle during growth, but that 
the cycle period becomes unboundedly large as time become infinite. 
2. PERFECT COOPERATION 
Let N’(t) denote the number or density of individuals of species i in a community or the 
number or density of “modules” (a la J. Harper) of type i in a single species. Let Xi(t) denote 
the number of grams of biomass produced by all units of type i, up to time t. Assume 
N’(O) # 0 # Xi(O) for i = 1 . . . n, and also that the per capita production rate is a constant. 
Normalizing this constant to unity, we have 
dX’ 
- = N’, 
dt 
i = 1 . . . n. (2.1) 
Since sessile organisms or modules compete for space and sunlight it is natural to require a 
Volterra-type mass action law. Thus, 
dN’ 
dt- 
- - fj&Y)N’Nk + y;N’. (2.2) 
Here all indices run from 1 to n and, the Einstein summation convention on upper and lower 
indices is used and the rjk(x) are either constants (passive system) or depend explicitly on 
the accumulated biomasses x’ (active system). We generally require the matrix yj to be n x n 
with real eigenvalues. However, a renormalization procedure allows us to take yj = nsj, I > 0, 
so that the intrinsic rates of growth are equal and positive [2]. 
In addition, we require the system to be quasicompetitive in the sense that if (2.2) is rewritten 
as 
dN’ 
- = M,,?N’ 
dt 
(no summation), (2.3) 
then, at equilibrium, 
. . 
for all I, J. (2.4) 
For the perturbation system of the present paper, (2.4) follows from the result proved in Ref. 
[4] for passive systems. Combining (2.1) and (2.2) we obtain the system 
d2Xi 
== 
__i gdXk -+A%! 
lk dt dt dt ’ (2.5) 
If we require the system to be passive, then there is essentially only one choice of coefficients 
that render (2.5) geodesics equations in some Riemannian goemetry (see [2]). The metric 
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tensor is given as 
where ml . a,, are n positive constants, and 
I-:= +ai 
I-$= I-b= +a, (i #j) 
r;= -a, 6 #ti) 
I-;=0 (i#j#k) 
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(2.7) 
The f’s now constitute the Levi-Citvia affine connection for the metric (2.6). The explicit 
solution of (2.5) and (2.7) is required to show the quasicompetitiveness [3]. 
The coefficient of the (N’)’ term of this passive system is - a, < 0. This number may be 
interpreted as self-inhibition. The pattern of the coefficients leads to the interpretation that 
euch species’ own self-inhibition allows all others to beneft. This is the community aspect of 
the model. 
We now introduce a small perturbation of the metric g,. We write &,= a,X’ and define 
g; = $AS.. !I’ (2.8) 
where 
v being a small positive constant. Using the formula of LeviCivita, 
c#l, = ipo - Y ( > i X’ 2, i-1 (2.9) 
v (2.10) 
where gf is the matrix inverse of g;, we obtain coeficienrs for the perfectly cooperative system: 
3:= +(ui-2v(p)) 
,r:. 
vr:,=,r;i= +(~~-2v($,Xj). i iti 
“r;,= -(~5-2v($,X9), i Zi 
I&= 0, i#j#k. 
If we write 
a;=a;-2v 
( ) 
ix1 , 
1-I 
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then (2. I I) becomes (2.7) with a, replaced by ar:. Indeed, when v = 0, a:’ = a,. One checks that 
the equilibrium of J is 
(2.12) 
for X’ fixed or slowly varying. The ecological interpretation is the same as (2.7). If Y is small 
and CL, < x2 < ... < a,,, then the trajectories of the geodesic system 
d’X’ 
p= (2.13) 
pass through each of the (n - I)-dimensional hyper planes 
a:=O. i=l...n-I. (2.14) 
This follows from the fact that for v small the geodesics (2.13) are close to those of the passive 
system which do cut each of the hypersurfaces a: = 0, i = I n - I, and in a finite time. 
However, it requires hfinite rime to reach a:, = O! in order to see why this is so, consider what 
happens as a trajectory passes through the first hypersurface, a; = 0. If we linearize around 
the equilibrium, we find the eigenvalues are all equal to - i. (see [6]). Hence, fli = 0, is a stable 
equilibrium. Consequently, the dimensionality of the original J-system drops by one. This 
dimension reduction continues until only two species remain. As a trajectory passes through 
the hypersurface, a:_, = 0, the system collapses to the logistic 
which has equilibrium 
dN” ) 
dr = - a,(N”)’ + AN”, 
I 
N3:= ” . 
( > 
a,-v IX8 
,=I 
(2.15) 
(2.16) 
for X’ fixed or slowly varying. Because (2.15) is a logistic the approach to the equilibrium 
(2.16) requires infinite time. Of course. as I-G the equilibrium fi:+w, as well, because of 
the very slow accumulation of X”. 
The cases in which some, but not all, of the a, are equal reduce to the argument above. 
The case in which all the a, are equal results in all n populations exploding as time becomes 
infinite. 
3. PREDATION OF A PERFECTLY COOPERATIVE COMMUNITY 
Following Ref. [3]. consider the three species system 
.rr:* 
dN’ 
dr- 
- - 2a;N’N? + a;((N’)’ - (N’)*) - 6,FN’ + IN’ 
dNL 
dr= 
- 2a;N’N’- a;((N’)’ -(N’)>) - &FN? + i.N’ 
!$ = p’F(N’ + N*) + y’(F)’ - p'F. 
(2.17) 
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Here we suppose a, = az = a so there is no exclusion and 6, = a2 = S for convenience and that 
~“=~-v(X’+X~) 
/3’=/3-v(X’+P) (2.18) 
y’ = y - v&Y’ + P). 
For technical reasons associated with bifurcation theory, we suppose 
8’/2=y’=p”, Y 20. (2.19) 
The coefficient y’ is a measure of cooperation in the predator community. The case Y = 0 
was studied in [6], where it was established that JF exhibits a stable limit cycle for 
together with 
6 > A > u/2, (2.20) 
(2.21) 
where 
F =21-a 
o 26’ (2.22) 
The case Y > 0 is an easy consequence of this basic theorem. It is clear that JK exhibits a 
stable limit cycle for 6 > I and y > a as long as 
where 
The period of oscillation is, asymptotically, 
(2.23) 
(2.24) 
P(Y ‘) 
2n J26 -a’ 
Z-$’ s-1 
(2.25) 
It is clear from (2.25) that for v small and t asymptotically large. The period P(y’) becomes 
unbounded. This is consistent with the production of toxin deleterious to predators, causing 
them to invade less frequently as toxin accumulates. 
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